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Three-dimensional total internal reflection microscopy
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We investigate the inverse-scattering problem that arises in total internal reflection microscopy. An analytic
solution to this problem within the weak-scattering approximation is used to develop a novel form of three-

dimensional microscopy with subwavelength resolution.
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There has been considerable recent interest in
the development of near-field methods for opti-
cal microscopy.!® These methods, which include
near-field scanning optical microscopy* (NSOM)
and total internal reflection microscopy (TIRM),>®
produce images with subwavelength resolution of
effectively two-dimensional systems. It is now well
recognized, however, that the interpretation of im-
ages of three-dimensional scattering objects is often
problematic.”-® This difficulty has led to the use
of inverse-scattering theory to elucidate the pre-
cise manner in which three-dimensional structure
is encoded in the optical near field. In one recent
study an analytic solution to the linearized near-field
inverse-scattering problem for inhomogeneous media
was employed to develop an image reconstruction
algorithm for three-dimensional NSOM.? Additional
progress toward the development of three-dimensional
near-field microscopy has also been made in the case
of TIRM, in which the three-dimensional information
content of weakly scattered fields was investigated and
employed to establish an inverse-scattering method to
reconstruct the longitudinal structure of samples that
are transversely homogeneous or at least separable.!!?

In this Letter we present the theoretical founda-
tion of three-dimensional TIRM. By adapting the
approach developed for three-dimensional NSOM,
we show that it is possible to extract the full three-
dimensional structure of a scattering object with sub-
wavelength resolution. The proposed method obtains
from an analysis of the inverse-scattering problem in
which evanescent waves serve as a source of illumina-
tion, thereby exploiting the superoscillatory properties
of such waves to encode structure on subwavelength
scales. Our main result is an explicit inversion for-
mula that leads to an image reconstruction algorithm
that is computationally efficient and remarkably
stable in the presence of noise. Computer simulations
are used to illustrate our approach in model systems.

We begin by considering an experiment in which a
monochromatic field is incident on a dielectric medium
with complex susceptibility n(r). For simplicity, we
ignore the effects of polarization and consider the case
of a scalar field U(r) that obeys the reduced wave
equation

VEU(r) + ko?U(r) = —4mke*n(xr)U(r), (1)
where k( is the free-space wave number. Following

standard procedures, we find that U(r) may be ex-
pressed as the integral equation
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U(r) = UD(r) + ko2 f Br'G, ) Ux)n), (©2)

where the outgoing Green’s function G(r,r’) is
given by

exp(ikolr — r'|)

lr —r/|

and U%(r) is the incident field. We restrict our
attention to the weak-scattering approximation, which
is particularly suitable for the investigation of sub-
wavelength structures. Accordingly, the scattered
field US)(r) = U(r) — U%(r) may be calculated per-
turbatively to lowest order in 7, with the result that

G(r,r) = (3)

U¥(r) = ko® [ &r'G e, YUY x)n(r). (4)

We consider the situation in which the incident wave
is a unit-amplitude evanescent wave with U9 (r) =
exp(ik; - r); see Fig. 1. Here the complex wave vec-
tor k; is of the form k; = (q1, k.(q1)), with transverse
part q1 and k,(q1) = (ko? — q12)V/2. If the evanescent
wave is generated by a prism with index of refraction
n, then ko = |q;| = nko. Such evanescent waves are
superoscillatory in the transverse plane and decay ex-
ponentially in the z direction. In the far zone, the scat-
tered field behaves as an outgoing homogeneous wave
with wave vector kg = (q2, k.(q2)) parallel to r, and

g2l = k9. The scattered field has the asymptotic form
U ~ SR g, g), (5)
Fig. 1. Illustration of the measurement scheme. Evanes-

cent waves are generated at the prism face by total internal
reflection. The total internal reflection is then partly
frustrated by the presence of the scatterer, scattering
evanescent modes to the homogeneous mode that propa-
gate to the far zone.
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where the scattering amplitude is given by the
expression

Aldy, az) = ko? [ &r explilky(ay) - ko(qz)] - ¥in(@),

(6)

where k;(q;) = k; for i = 1, 2 and the dependence of
the wave vectors on their transverse parts has been
made explicit.

In the inverse problem we wish to reconstruct n(r)
from measurements of A(qi, q2) by solving integral
equation (6) for (qi, q2) in the data set Q. Here Q
specifies the available orientations of the incoming and
outgoing waves. Let us rewrite Eq. (6) in the form

Alq1, q2) = ko® [ d’r K(q2,2; 41 — q2)

X expli(q1 — q2) - pIn(r), (7

where r = (p, z) and

K(q,2;Q) = exp{i[k,(Q + q@) — k(@) ]z}x(q,Q + q),
(8)

and y(qi, q2) is unity if (q1,q2) € Q and is zero oth-
erwise. Equation (7) is similar in form to an equa-
tion that arises in the inverse scattering problem for
three-dimensional NSOM.® Using the approach de-
veloped there, we may obtain an inversion formula for
Eq. (6) by means of a functional singular-value decom-
position, which leads to our main result:

1
1) = e | PQexn—i@- p) [ dad’y

X K*(q,2;,QM *a,d;Qx(d,Q + d)Ad,Q + ).
9)

Here M~ is obtained from M, M being given by the
expression

L
M(a,q;5Q) = [O K(a,z QK" (q,2Qdz.  (10)

The parameter L in Eq. (10) denotes the range of n(r)
in the z direction and acts as a means of including some
prior knowledge in the algorithm.

Regularization is achieved in a straightforward
manner by conditioning of M, ie., by elimination
of the eigenfunctions associated with eigenvalues
0(Q), such that 0(Q) < €0max(Q), where 01.x(Q) is
the largest eigenvalue for fixed Q and € is chosen
appropriately, given the level of noise. In principle,
other approaches such as Tikhonov regularization can
be employed.

To demonstrate the feasibility of the inversion we
have numerically simulated the reconstruction of 7(r)
for a collection of spherical scatterers. We calculated
the forward data by considering the scattering of
evanescent waves from a homogeneous sphere in-
cluding multiple scattering by means of a partial
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wave expansion. For a sphere of radius a centered
at ro with refractive index n, n being related to the
susceptibility by n2 = 1 + 477, it may be found that

A(ky, ky) = expli(k; — ky) - 19] D (21 + DA Pk - ky),
=0

an

where A; are the usual partial wave expansion coeffi-
cients,® P; are the Legendre polynomials, and the caret
has the meaning k = k/vk - k*. Since we consider
evanescent waves, the argument of the Legendre poly-
nomials in Eq. (11) may exceed unity. The series may
nonetheless be shown to be convergent because of the
rapid decay of A; with increasing .

The forward data were obtained for a collection
of four spheres of radius A/20. All scatterers are
present simultaneously in the forward simulation,
and intersphere scattering is neglected. The incident
evanescent waves were taken to have transverse wave
vectors q; on a Cartesian grid with spacing kq/4 such
that 2y = |q1| = nky, n being the refractive index of the
prism used to generate the incident waves. Values of
q2 were also taken on the grid with spacing k¢/4 and
|ge| = kg, consistent with a measurement scheme in
which the scattered field is measured in the far zone
of the lower half-space. The spheres were arranged
in two layers, one equatorial plane coincident with
the z = A/20 plane, the other with the z = A/4 plane.
In each layer, one sphere was taken to have suscep-
tibility 477 = 0.44 (index n = 1.2) and one sphere
was taken to have susceptibility 477 = 0.4 + 0.48i
(index n = 1.2 + 0.2i). In each of the simulations
complex Gaussian noise of zero mean was added to
the signal at various levels as indicated. Simulations
were performed for two different prisms, one (Fig. 2)
with an index of n = 10, as might be encountered in
the infrared, and another (Fig. 3) with an index of
n = 4, as might be encountered in the visible. The
data sets thus consisted of 4980 X 49 points for the
higher-index prism and 752 X 49 data points for
the lower-index prism. The regularization parame-
ter € was taken to be 1076 in computing the tomograph
at z = A/20 and 1075 at z = A /4.

One can see from the reconstructions that the real
and imaginary parts of the susceptibility may be found
separately and that the reconstructions are subwave-
length resolved. The resolution depends both on the
size of the regularization parameter, which indirectly
sets the number of singular functions used in the re-
construction, and on the depth, a consequence of the
fact that the probe fields decay exponentially into the
sample, resulting in the loss of high-frequency Fourier
components of the spatial structure of the susceptibil-
ity. The tomographs at the z = A/20 layer are more
highly resolved for the higher-index prism than for the
lower-index prism, but there is little difference at the
z = A/4 layer.

In conclusion, we have developed an analytic solu-
tion to the linearized inverse-scattering problem that
arises in three-dimensional TIRM. Using this result,
we have shown that it is possible to reconstruct the
three-dimensional structure of a scattering medium
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Fig. 2. Reconstructed tomographs of the real and imagi-
nary parts of the susceptibility with a prism of refractive
index n = 10. The signal-to-noise ratio is given in deci-
bels above each column. The images were plotted with the
linear color scale indicated to the right. The field of view
in each image is A X A.

on subwavelength scales. The improved resolution
is made possible by the use of evanescent waves as
illumination, so that the far field of the resulting scat-
tered wave contains information about the scattering
medium on subwavelength scales. Subwavelength
resolution may be achieved from far-zone measure-
ments because the illuminating field is in the near
zone of the sample, a consequence of generalized
reciprocity.” That is, even though the measured
fields are homogeneous, and therefore spatially band
limited, the illumination field is not.

dJ. C. Schotland’s e-mail address is jes@ee.wustl.edu.
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